In wet liquid foams, slow diffusion of gas through bubble walls changes bubble pressure, volume and wall curvature. Large bubbles grow at the expenses of smaller ones. The smaller the bubble, the faster it shrinks. As the number of bubbles in a given volume decreases in time, the average bubble size increases: i.e. the foam coarsens. During coarsening, bubbles also move relative to each other, changing bubble topology and shape, while liquid moves within the regions separating the bubbles. Analyzing the combined effects of these mechanisms requires examining a volume with enough bubbles to provide appropriate statistics throughout coarsening. Using a Cellular Potts model, we simulate these mechanisms during the evolution of three-dimensional foams with wetnesses of φ = 0.00, 0.05 and 0.20. We represent the liquid phase as an ensemble of many small fluid particles, which allows us to monitor liquid flow in the region between bubbles. The simulations begin with 2 × 10 5 bubbles for φ = 0.00 and 1.25 × 10 5 bubbles for φ = 0.05 and 0.20, allowing us to track the distribution functions for bubble size, topology and growth rate over two and a half decades of volume change. All simulations eventually reach a self-similar growth regime, with the distribution functions time independent and the number of bubbles decreasing with time as a power law whose exponent depends on the wetness.
Introduction
Liquid foams include soap froths and food and industrial foams, as well as many liquid-phase pollutants. Foams consist of gas bubbles surrounded by a continuous liquid phase. Bubble walls are very thin; their thickness strongly depends on the intensity of mutual repulsion between surfactant-loaded gasliquid interfaces and only weakly on foam wetness (φ=liquid volume/total volume) below a critical wetness at which the foam transforms into a bubbly liquid. When three bubble walls meet, they form edges, known as Plateau borders, which are tube-like structures with a cross section which is roughly a triangle with its straight sides replaced by concave circular arcs.
Wet foams and dry foams both have bubbles separated by thin walls, the difference being that wetter foams have larger Plateau borders [1, 2] . * Email: rita@if.ufrgs.br, Tel: +555133086521, Fax: +5533087286 X-ray tomography experiments [5] and numerical simulations [6, 7] have found that dry foams reach a self-similar growth regime where the topology and relative bubble size distributions are steady while the mean bubble radius increases as t 1/2 , as expected from dimensional analysis [8] . Hence, the mean bubble volume increases as t 3/2 and the number of bub- bles decreases as t −3/2 . In the opposite limit, in a bubbly liquid, gas flows from small bubbles to the liquid phase, where it diffuses, to eventually flow back into larger bubbles due to
Laplace pressure difference, now between the bubbles' internal pressures and the gas saturation pressure in the liquid. This
Ostwald ripening dynamics also generates a self-similar growth regime, where the relative bubble size distribution is constant, and the mean bubble radius grows as t 1/3 [9] . Hence, the mean bubble volume grows as t and the number of bubbles decreases as t −1 .
To investigate coarsening for foams of intermediate wet- Such a measurement would be quite difficult, though it might be possible using e.g. X-ray tomography [4] .
Numerical simulations provide access to properties of in- follow Fortuna et al. [14] , and subdivide the liquid phase into numerous small fluid particle subdomains (see figure S1 in the supplementary materials).
The CPM energy function includes a surface energy and a volume constraint:
where the sum over v( r) extends through the 5 th neighbors around the voxel at r (56 neighbors), to reduce latticeanisotropy effects [15] , and is only evaluated for neighboring voxels with distinct labels S . , when λ(S ), which is the compression modulus (inverse compressibility) of the material, is > 0.
While an "ideal" fluid particle would be negligibly small and perfectly incompressible, we assign our fluid particles a V target = 7 voxels so they are much smaller than typical bub- 
J(liq, liq) would be zero in a real liquid, but a small positive value helps to maintain the fluid particles as connected domains without significantly affecting their dynamics. J(liq, gas) is the energy per unit area of the gas-liquid interface and J(gas, gas) is of the order of 2J(liq, gas) because a wall separating two bubbles consists of two gas-liquid interfaces. If J(gas, gas) were strictly equal to 2J(liq, gas), the fluid particles would spread in the walls as in a bubbly liquid. We set J(gas, gas) slightly lower than 2J(liq, gas) to account for the positive disjoining pressure (2J(liq, gas) − J(gas, gas)) between the soap films in the walls, which serves to keep the walls thin, as observed in experiment.
The greater the disjoining pressure, the greater the fraction of liquid that localizes in the Plateau borders and the less that penetrates into the bubbles walls. As a result, we expect coarsening to be faster for higher disjoining pressures. For the range 2J(liq, gas) − J(gas, gas) = 0.1, 0.01 and 0.001, the simulation results are robust and the liquid's spatial distribution is essentially the same (see figure S4 in the supplementary materials).
The wall thickness and Plateau-border shape depend on the interaction range ( v( r) in Eq. (1)) and the size of the fluid particles.
Foam dynamics
Configurations change stochastically in the CPM. We randomly pick a pair of first neighbor voxels with different labels and calculate the current energy, E i , and the energy after copying the label S from the first to the second voxel, E f . If cluding their dependence on foam wetness [14] . While such agreement shows that the functional form of the mass transfer via Plateau borders must be similar in CPM and wet foams, the agreement does not demonstrate that the functional forms are identical, nor how the rate depends on model parameters. In particular, for foams composed of a gas with fairly low solubility in the liquid phase, we expect gas transport via walls to be much faster than via Plateau borders. In our current CPM simulations, the interaction range is a significant fraction of the typical Plateau-border size, thus we expect the transport rates via walls and Plateau borders to be more similar and the difference in growth rate between dry and wet foams to be less pronounced in the simulations than in an experiment with a foam with a low solubility gas phase. In the near future, we plan to examine the explicit relationship between Plateau border shape, size and model parameters, which will allow us to control the relative transport rates explicitly. transfer between bubbles, while allowing boundaries to move to minimize their interface energy.
The simulations use the CompuCell3D environment [16] , publicly available at http://www.compucell3d.org/. We ran the simulations on an Intel Core I7-3700K processor. We ran 10
replicas for each set of simulation parameters, starting from a log-normal volume distribution for each set of parameters, with φ = 0.00, 0.05, and 0.20. Each simulation replica took from 2 to 7 days to run, depending on the number of simulated objects (bubbles plus fluid particles), which varies with wetness.
Because CompuCell3D limits the total number of objects in a simulation, we chose the size of the grid to respect that limit. 3. Results The upper panel in figure 8 shows log-log plots of the decrease in number of bubbles starting from initial configurations with a log-normal distribution of bubble volumes. The straight line behavior observed for all wetnesses for t > 600 MCS over roughly one decade is compatible with a power law, which is a requirement for a self-similar growth regime [8] . the overlapping of these functions is a further evidence for the scaling regime.
Discussion and conclusions
So far, experiments and simulations have investigated selfsimilar growth primarily in dry foams [5, 6, 7] . Together, the growth rates in figure 5 and distribution functions in figures 6 and 7, and the power laws seen in figure 8 , show that the foams reach a self-similar growth regime after a transient of ≈ 600 MCS for all wetnesses and all three initial volume distributions.
Radius scaling exponents in experimental foams depend on the wetness, dropping from 1/2 to 1/3 as φ goes from zero to one. In our simulations, the radius scaling exponent for φ = 0.20 is significantly smaller than in the experiments of Isert [10] but similar to that in Fortuna et al. [14] . This difference between experiments, as well as between experiment and simulation, may depend on the relative transport rates in thin walls
and Plateau borders, which we will investigate in future work.
